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Week 11

0.1 Integration (contd.)

If f(z) <0 Vz € [a,b] then it is easy to see that f;f is the negative of the
area between the curve, the x-axis and the lines z = a and = = b.

If f(x) is sometimes positive and sometimes negative over [a, b] it is easy to see
that fab f is the area under the curve above the x-axis minus the area above
the curve, and below the x-axis, and the lines x = a and x = b.

b
Note: The notation / f(z)dz has evolved from the special form that upper

a
and lower sums have when f(z) is continuous and the partition uses n sub-
intervals of equal length.
If the length of each sub-interval is Az then we can write

ZM — Ti— 1 zn:MZAfE,
i=1
= Zmz(xz — -ri—l) = Xn:mzA,I

Since f is continuous then we wﬂl have M; = f( ) for some z} € [x;—1,x;]
and m; = f(z*) for some z* € [z;_1,x;]. That is

ZM Ax = Zf YAz, L(f, P Zml —Zi1) Zf(:c;‘*)Ax

and then

[ s nlgchf )4z = ,}LH;OZf =)
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The symbol [ is the ghost of the Y symbol and the da symbol is the ghost

of the Az.
The symbol dz is useful because it keeps track of the variable of integration.

For example
2 2
/xzydx and/ 22ydy
1 1

are different integrals.

0.1.0.1 Properties of Integrals. 1If f(z) and g(x) are both integrable over [a, b]
then

/f )+ g(x dx—/f dx—i—/()d

()/kf( x*k/f )dx for any k € R.

Theorem 0.1 (Fundamental Theorem of Calculus)

Let f be integrable over [a,b] and f = ¢’ for some function g, then

b
/ f(@)dz = g(b) — g(a)

Proof

Let P = {xo,...,x,} be any partition of [a, ]

Applying the Mean Value Theorem to the function g over the interval [x;_1, 2;],
we know that there is a point ¢; € [x;—1,x;] with

g(zi) — g(xim1) = g'(ci) (@i — wi—1) = f(ei)(wi — i)
Using the usual notation we have
m; < f(Cl) < M;

= mi(x; — 1) < fle) (@ —xi1) < Mi(x; — xi-1)

= mi(x; —wi-1) < g(w) — g(xi1) < Mz — 1)
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Zmz Ti—Tq— 1 Szn: xz xl 1 Szn: xz Tj— 1) U(f,P)

Z(g(wz) 9(xi1)) = (9(x1)—g(20))+(9(x2)—g(21))+(9(x3) =g (22)) - .- (9(xn) —g(2n-1))

= g(xn) = g(z0) = 9(b) — g(a).
That is
L(f,P) < g(b) —g(a) <U(f, P) for every partition P

That is g(b) — g(a) is an upper bound for £ and a lower bound for #{. That is

lub £ < g(b) — g(a) < glb &
and since f is integrable over [a b] we have lub £ = glb #{ = ff f(z)dx
That is g(b f f(z

Example 0.2

d
Since d—%ﬁ = 22 it follows from the above theorem that
x

b
/ 22dzr = 1b3 — }ag.
o 3 3

0.1.0.2 Indefinite integral.
Because of the above theorem, the symbol / f(z)dz without the upper and

lower limits represents an anti-derivative of f(z)..
That is,

[ H@do = F@) = £ @) = fo)

d
Since d—k = 0 for any k € R there can be infinitely many anti-derivatives for
x

a given function.

Example 0.3

/J;de = %x‘l +c¢ for any c € R.
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It is also true that

/ ((fxf(x)) dz = f(z) +¢, forany c € R.

0.1.1 Techniques of Integration

0.1.1.1 Integration by Substitution.
The substitution rule is based on the chain rule for differentiation.

Recall that, according to the chain rule (assuming that all functions are suitably
differentiable), we have

d d d
= fu(2)) = - f () -ua)

Example 0.4

— sin(z?) = 2 cos(z?)

dx

Therefore we can see that

/ (if(u)jiu(x)) do= [ - (f(u(e))ds = f(u(a),
Example 0.5

/Zx cos(z?)d = / isin(:vQ)d = sin(z?).
dz
The substitution rule is now obvious because
d d d
[ (Gettga) as = ftuto) = [ 4o

Notationally we see that
d

%U

in the left hand integral has been replaced by

(z)dx

du
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in the right hand integral (as if dz has been cancelled!)
Thus we get the substitution rule

/ F(u)dd—xu(a:)dx o / Pu)du.

Example 0.6
(i)

du
u
djc b

/23@ cos (z%)dz = /cos(u)du = sin(u) + ¢ = sin(z?) + ¢

Therefore ,
/ 2 cos(a?)dz = sin(b?) — sin(a?).
(i)
du
dx u
+ + n+1 n+1
n+1 n+1
if n #£—1.
Therefore
/ "+ e = | 2D P2t (et
z)"dx = — _
a n+1 n+1 n+1
if n # —1.
(iii)
du

dz u

1 4+ n+1 _ n+1
/(b—ﬂ«")ndm =— / —1(b—z)"dx = — /u”du S — (b—2)

n+1: n+1

if n#£ —1.
Therefore

/ab(b — 2)"dz = { (b ; i):“} S0 ;i):H

if n £ —1.

+c
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0.1.1.2 Integration by Parts.
The product rule for differentiation suggests another technique for evaluating
indefinite integrals:

d
Firstly note the fact that /af(x)dx = f(x) + constant by definition of

indefinite integration.

%(uv) :uj—::—kvj—z :>/ (uv) dx—/u—d—i—/ —dxéuv—/—d —|—/v—dx

— [vSEd
== uv /deI

d d
We thus transform the integral / ud—vdx into / vd—udx and it sometimes hap-
x x

d d
pens that /v—udx is easier to evaluate than /u—vdx.
dx dz

Example 0.7
e Evaluate /xcos(m)dm.

We note that we can easily find an indefinite integral for cos(x) and we can
reduce = to 1 by differentiation.

/a:cosu( )dx = ;:sm”( x) — /isinﬂ(x)dx = zsin(z) — /sin(x)dx

= zsin(z) — (—cos(z)) + constant = zsin(z) + cos(z) + constant

o Evaluate /,TQ cos(z)dz.

Here we will apply integration by parts twice:

/(EQCOS((E)CL’E = 2%sin(x) — /2xsm(x)dx

il I
| |
u ! u ! du ;

dv v au v
do dx

We now apply integration by parts again to evaluate / 2z sin(z)dz.

/ rsin(2)dz = 2(— cos(z)) — / 1 (= cos(z))dz

v " n i I
gu v dx v
*
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= —zcos(z) + /cos(x)d:c = —zcos(z) + sin(x) + constant
Therefore we have:
/x2 cos(z)dz = 2% sin(x) — 2(—z cos(x) + sin(z)) + constant
= 2% sin(z) + 2z cos(z) — 2sin(z)) + constant
0.1.2 Taylor’s Theorem
We can prove a very important theorem using integration by parts.
Theorem 0.8
Let f be infinitely differentiable over R.
Prove that for any real numbers a and b
(2) (3) (n)
F0) = f(a) + P (a)(b—a) + ! 2,(“) (b—a)?+ ! 3,(a) (b—a)®+--+ f n,(“)
b r(n+1)
J D ()
+/a n!
for all integers n > 0.
Proof
We will use induction to prove this.
To prove the case n = 0, note that
b (1) b
fO(a
[ 52 0-oras = [ 10w = 10) - s
That is, ,
1)
1) = 1@+ [ 50— oea
which is the case for n = 0.
Now we will show that the n = k case implies the n = k + 1 case:
(2) (3) (k)
f(b) — f(a) + f(l)(a)<b_ a) + f 2'(0,) (b _ a)Q + f 3'(a) (b— a)S 4 f k|(a)
L[ @)
o k!

(b—a)"

(b—x)"dx

(b—a)*

(b—z)Fdx
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Using integration by parts we get
) @)

(b—z)kda

[ ) ooy,

f* ) (a) 1 S () 1
=gy 0o +/a Gy 0o a) e

And so we have

10) = 5@+ 1Y@ -0+ LoD LDy SO

2! 3! !
f* ) (a) K A .
Ty Y +1+/a RS
Therefore it follows from the Principle of Induction that
@) (g B)(q (n)
16 = f(@) + 1@ 0 —a) + T ap s Ly Tl )<b— %

n+1)
/ f —z)"dx

for all n > 0.



